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Abstract
In this paper, Schrodinger equation is numerically applied through non-relativistic po-
tential model for deriving Spectrum, radial wave functions at origin, decay constants, lepton
and photon decay widths for radial and orbital excited conventional as well as hybrid char-
monium mesons. These calculated results are found in agreement with others theoretical
results and with the experimental observations.
I. Introduction
Investigation of charmonium system (conventional and hybrid) is very important objective of
particle physics. In order to study a charmonium system, spectrum, radial wave function at
origin, decay constant, leptonic and photon decay are considered as important characteristics.
Charmonium system consisting of bound state charm quark-antiquark pair with ground state
gluonic field can be well explained using quark model[1, 2]. In the quark model, JPC of quark-
antiquark pair can be found by J = L ⊕ S, P = (−1)L+1, and C = (−1)L+S . However, some
exotic states which may be hybrid, glueballs or exotic are detected at Belle, LHC, CDF, and
BESIII which remained unexplained by quark model. The charmonium system with excited
state gluonic field are named as hybrid charmonium. According to literature, different models
like Flux tube model [3]-[8], the lattice QCD [9]-[20], QCD string model [21]-[22], the quark
model with a constituent gluon [23]-[25] and the QCD sum rules [26]-[31] may be used to study
such hybrids. In this paper, a modified non-relativistic potential model [32, 33, 34, 35] is used to
find the numerical solution of Schrodinger equation for hybrid mesons using Born Openheimer
formalism and adiabatic approximation. Parity and charge of hybrid meson is found by the
P = ε(−1)L+Λ+1 and C = εη(−1)L+Λ+S [36]. In this formula, for the ground state gluonic field
Λ = 0, while for the first excited state gluonic field, Λ = 1 and so on. Schrodinger equation
is solved numerically in order to find spectrum, radial wave function at origin, decay constant,
leptonic decay width, two photon and three photon decay width of radially excited S and P states
of conventional and hybrid charmonium mesons. A comparison of the results for spectrum and
decay characteristics of charmonium meson JPC states with the experimentally known quantities
with the same JPC may help in identifying the charmonium mesons like X(3872).
In the section II of this paper, potential models are discussed to calculate radial wave func-
tions for the ground and radially excited state cc conventional and hybrid mesons by numerical
solution of the Schro¨dinger equation. The expressions used to find radial wave function at ori-
gin, decay constant, leptonic decay, two photon decay, and three photon decay of cc mesons are




Time independent Schro¨dinger equation, HΨ = EΨ, can be used to find the properties of system
of quark-antiquark pair. The Hamiltonean H is the energy operator and E is the total energy




∇2 +HV +mQ +mQ (1)
where µ is the reduced mass of the quark-antiquark system and Hv is the Potential energy part
of the Hamiltonian.
0.1 Potential for Conventional cc mesons
For conventional charmonium mesons, Potential is modelled as [37]:
HV = V(r) =
−4αs
3r
+ br +Hcont +Htens +Hs.o. (2)
































Hcont,, Hs.o, and Htens describe the colour contact, spin orbit interactions, and colour tensor
respectively. αs, b are the strong coupling constants and string tension while ST is the tensor
operator defined as:




<3 LJ | ST |3 LJ >=
{ − 16(2L+3) , J = L+ 1
+16 , J = L















Here, L is the relative orbital angular momentum of the quark-antiquark and S is the total
spin angular momentum. Spin-ornit and colour tensor terms are equal to zero [38] for L = 0.
mc is the constituent mass of charm quark.
The radial Schro¨dinger equation for charmonium meson can be written as:
U ′′(r) + 2µ(E −HV − L(L+ 1)
2µr2
)U(r) = 0. (10)
Here U(r) = rR(r), product of interquark distance r and the radial wave function R(r). At
small distance(r → 0),wave function becomes unstable due to very strong attractive potential.
This problem is solved by applying smearing of position co-ordinates by using the method
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discussed in ref. [39]. The parameters (mc, αs, b, σ) are found by fitting the meson’s mass
with experimentally known mass, we got the following values. mc = 1.454GeV, αs = 0.5315,
σ = 1.105GeV ,and b = 0.1583 GeV2. With these parameters, masses of S and P states are
calculated which are very close to the predictions of other theoretical works as shown in Table
1.
0.2 Potential Model for cc Hybrid Meson
The extended form of conventional meson potential model[32] is used to study the hybrid meson.
In this extended model, an additional term ( cr +A× exp−Br
0.3723
) is added in the conventional
meson potential model. Values of parameters A = 3.4693GeV , B = 1.0110GeV , and c = 0.1745
are taken from our earlier fit[32] to the lattice data [36] of the parameters of the effective potential
form corresponding to the first excited gluonic state. For hybrid mesons, radial Schrodinger
equation is written as:
U ′′(r) + 2µ
(
E − V (r)− c
r







U(r) = 0, (11)




= 2 and projection
of gluon angular momentum Λ = 1 [36] making −2Λ2 + 〈J2g 〉 = 0. The above equation is
solved by shooting method to find the spectrum of hybrid cc meson. Mass of hybrid mesons are
reported in Table 2.
0.3 Radial wave function at origin
For normalized wave function:
U
′





(0) is calculated to find the radial wave function at origin whose magnitudes for conventional
and hybrid meson are reported in Table (3,4). For the states with L > 0, wave function becomes




Decay constant is an important characteristic of mesons. Decay constants (fp) of pseudo scalar
and pseudo vector mesons depend on |R(0)|2. Following Van-Royen-Weisskopf formula [46] is










where Mp is the mass of corresponding meson. To calculate decay constant, numerically calcu-
lated mass (in Table 1 and 2) is used. By incorporating the first order QCD correction factor,













Table 1: Masses of ground, radially, and orbitally excited state cc mesons .
Meson JPC Calculated mass Theor. mass [38] [33] Exp. mass
GeV GeV GeV GeV
ηc(11S0) 0−+ 2.9808 2.982 2.9816 2.9839 ± 0.0005 [40]
J/ψ(13S1) 1−− 3.0903 3.090 3.0900 3.0969± 0.000006 [40]
η′c(2
1S0) 0−+ 3.656 3.630 3.6303 3.6375 ± 0.0011 [40]
J/ψ(23S1) 1−− 3.6997 3.672 3.6718 3.6861 ± 0.000025 [40]
ηc(31S0) 0−+ 4.0955 4.043 4.0432 —
J/ψ(33S1) 1−− 4.0709 4.072 4.0716 4.040 ± 10 [38]
ηc(41S0) 0−+ 4.4599 4.384 4.3837 —
J/ψ(43S1) 1−− 4.4838 4.406 4.4061 4.415± 6 [38]
ηc(51S0) 0−+ 4.7831 — 4.6850 —
J/ψ(53S1) 1−− 4.8032 — 4.7038
ηc(61S0) 0−+ 5.079 — 4.9604 —
J/ψ(63S1) 1−− 5.0966 — 4.9769 —
hc(11P1) 1+− 3.5288 3.516 3.5156 3.52538 ± 0.00011 [40]
χ0(13P0) 0++ 3.4526 3.424 3.4245 3.4147 ± 0.00030 [40]
χ1(13P1) 1++ 3.5244 3.505 3.5054 3.51067 ± 0.00007 [40]
χ2(13P2) 2++ 3.5626 3.556 3.5490 3.55617 ± 0.00007 [40]
hc(21P1) 1+− 3.9747 3.934 3.9336 —
χ0(23P0) 0++ 3.9453 3.852 3.8523 —
χ1(23P1) 1++ 3.980 3.925 3.9249 —
χ2(23P2) 2++ 3.9957 3.972 3.9648 3.9272 ± 0.0026 [40]
hc(31P1) 1+− 4.3452 4.279 4.2793 —
χ0(33P0) 0++ 4.3296 4.202 4.2017 —
χ1(33P1) 1++ 4.3532 4.271 4.2707 —
χ2(33P2) 2++ 4.3619 4.317 4.3093 —
hc(41P1) 1+− 4.6735 — 4.5851 —
χ0(43P0) 0++ 4.664 4.5092 —
χ1(43P1) 1++ 4.6823 — 4.5762 —
χ2(43P2) 2++ 4.688 — 4.6141 —
hc(51P1) 1+− 4.9737 — 4.8644 —
χ0(53P0) 0++ 4.9675 — 4.7894 —
χ1(53P1) 1++ 4.9827 — 4.8552 —
χ2(53P2) 2++ 4.9868 — 5.8926 —
hc(61P1) 1+− 5.2534 — 5.1244 —
χ0(63P0) 0++ 5.2493 — 5.0500 —
χ1(63P1) 1++ 5.2623 — 5.1148 —
χ2(63P2) 2++ 5.2654 — 5.1520 —
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Table 2: Mass of cc hybrid mesons.
Meson JPC Calculated Mass [33] [41] [42]
ε = 1 ε = −1
GeV GeV GeV GeV
ηhc (1
1S0) 0
++ 0−− 4.0866 4.0802
J/ψh(13S1) 1
+− 1−+ 4.1158 4.1063 4.19 4.213
ηhc (2
1S0) 0
++ 0−− 4.4198 4.3820
J/ψh(23S1) 1
+− 1−+ 4.4484 4.4084
ηhc (3
1S0) 0
++ 0−− 4.7254 4.6616
J/ψh(33S1) 1
+− 1−+ 4.751 4.6855
ηhc (4
1S0) 0
++ 0−− 5.0094 4.9223
J/ψh(43S1) 1
+− 1−+ 5.0323 4.9438
ηhc (5
1S0) 0
++ 0−− 5.2766 4.1683
J/ψh(53S1) 1
+− 1−+ 5.2972 4.1876
ηhc (6
1S0) 0
++ 0−− 5.5303 4.4021
J/ψh(63S1) 1
+− 1−+ 5.549 4.4197
hhc (1
1P1) 1
−− 1++ 4.2943 4.2678 4.19
χh0(1
3P0) 0
−+ 0+− 4.2447 4.2464 4.19 4.382
χh1(1
3P1) 1
−+ 1+− 4.2893 4.2678
χh2(1
3P2) 2
−+ 2+− 4.3093 4.2739 4.19 4.391
hhc (2
1P1) 1
−− 1++ 4.6085 4.5552
χh0(2
3P0) 0
−+ 0+− 4.5812 4.5264
χh1(2
3P1) 1
−+ 1+− 4.6086 4.5538
χh2(2
3P2) 2
−+ 2+− 4.6201 4.5653 4.505
hhc (3
1P1) 1
−− 1++ 4.8981 4.8210
χh0(3
3P0) 0
−+ 0+− 4.8797 4.7875
χh1(3
3P1) 1
−+ 1+− 4.9006 4.8188
χh2(3
3P2) 2
−+ 2+− 4.9085 4.8337
hhc (4
1P1) 1
−− 1++ 5.1695 5.0707
χh0(4
3P0) 0
−+ 0+− 5.1562 5.0338
χh1(4
3P1) 1
−+ 1+− 5.1735 5.0678
χh2(4
3P2) 2
−+ 2+− 5.1793 5.0852
hhc (5
1P1) 1
1−− 1++ 5.4266 5.3076
χh0(5
3P0) 0
−+ 0+− 5.4168 5.2682
χh1(5
3P1) 1
−+ 1+− 5.4316 5.3042
χh2(5
3P2) 2
−+ 2+− 5.4361 5.3233
hhc (6
1P1) 1
−− 1++ 5.6722 5.5340
χh0(6
3P0) 0
−+ 0+− 5.6648 5.4925
χh1(6
3P1) 1
−+ 1+− 5.6778 5.5301
χh2(6
3P2) 2
−+ 2+− 5.6814 5.5507
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Table 3: S state of radial wave function at origin and decay constant of cc mesons .
Meson JP Calculated |R(0)|2 Calculated fp fp fp
State |R(0)|2 [33] fp [43] [44] [45]
GeV3 GeV3 GeV GeV GeV GeV
(13S1) 1
−− 1.1886 1.2294 0.3326 0.325 0.416 ± 0.006
(11S0) 0
−+ 1.9125 1.9768 0.519 0.350 0.387 0.335 ± 0.075
(23S1) 1
−− 0.7287 0.7225 0.238 0.257 0.304 ± 0.304
(21S0) 0
−+ 0.8850 0.8717 0.3181 0.278
(33S1) 1
−− 0.6136 0.6006 0.2069 0.229
(31S0) 0
−+ 0.7011 0.683 0.2675 0.249
(43S1) 1
−− 0.6186 0.5994 0.189 0.212
(41S0) 0
−+ 0.5571 0.5417 0.2408 0.231
(53S1) 1
−− 0.5220 0.5503 0.1768 0.200
(51S0) 0
−+ 0.5699 0.5417 0.2232 0.218
(63S1) 1
−− 0.4975 0.5172- 0.1676 0.191
(61S0) 0
−+ 0.5371 0.5053 0.2102 0.208
Table 4: Radial wave function at origin and decay constant for S state of cc hybrid mesons.
Meson JPC Calculated |R(0)|2 |R(0)|2 [33] Calculated fp




++ 0−− 0.3294 0.3046 0.1836
J/ψh(13S1) 1
+− 1−+ 0.1687 0.1533 0.1086
ηhc (2
1S0) 0
++ 0−− 0.3501 0.3306 0.182
J/ψh(23S1) 1
+− 1−+ 0.2153 0.1995 0.118
ηhc (3
1S0) 0
++ 0−− 0.3442 0.3295 0.1745
J/ψh(33S1) 1
+− 1−+ 0.2376 0.2214 0.1199
ηhc (4
1S0) 0
++ 0−− 0.3368 0.3189 0.1676
J/ψh(43S1) 1
+− 1−+ 0.2507 0.2342 0.1197
ηhc (5
1S0) 0
++ 0−− 0.3305 0.312 0.1618
J/ψh(53S1) 1
+− 1−+ 0.2592 0.2425 0.1186
ηhc (6
1S0) 0
++ 0−− 0.3254 0.3078 0.1568
J/ψh(63S1) 1
+− 1−+ 0.2650 0.2482 0.1298
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Table 5: |R′(0)|2 and decay constant of cc mesons .










































































where △ = 2 for 1S0 mesons and △ = 8/3 for 3S1 mesons. For P state charmonium mesons,
decay constant depends on the derivative of radial wave function at origin. Following relations











Decay constants for conventional and hybrid mesons are reported in Tables(3-6). Our results
are very close to experimental and theoretical results.
0.5 Leptonic Decay
Leptonic decay width of 3S1 state of charmonium meson with J
PC = 1−− can be calculated by










Here, α = 1137 , ec =
2
3 is the charge of c quark.
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0.6 Two photon Decay
Two photon decay for S and P states is proportional to α2 and can be calculated by using
following expression [43, 46]:
Γ(n1S0 → γγ) = 3α





Γ(n3P0 → γγ) = 27α






Γ(n3P2 → γγ) = 36α





0.7 Three photon Decay
The decays 3S1 → γγγ have very small rates proportional to α3. In ref.[48], three photon decay
is written as:
Γ(3S1 → γγγ) = 4(pi
2 − 9)α3e6c
3pim2c
| RnS(0) |2 (21)
IV. Discussion and conclusion
The calculated masses reported in Tables (1,2) show that hybrids are more massive than cor-
responding conventional meson. As evident from decay constants, |R(0)|2, |R(0)|2 reported in
Tables(3-6), radial wave function at origin and decay constants for S states decreases toward
higher radial excitations, while |R′(0)|2 and decay constants for P states increases toward higher
radial excitations. It is also observed that decay constants for conventional meson are greater
value as compared to the corresponding hybrid meson state. Results show that pseudo scalar cc
mesons have higher values of |R(0)|2 and fp as compare to vector mesons., Leptonic decay widths
are reported for conventional and hybrid charmonium meson in Tables (7-8), while two photon
and three photon decay widths for conventional and hybrid mesons are reported in Table (9-10).
Results show that lepton and photon decay widths for hybrid mesons are more smaller than the
conventional mesons. Calculated mass and radial wave function at origin and decay constants
are in good agreement with theexperimental results [45]. Calculated lepton and photon decay
widths are close to experimental findings. In some cases, these results are more closer to model
calculated results as compared to the experimental results[45].
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